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Abstrat
Dominant ontributions of enhaned Pomeron diagrams to elasti hadron-hadron sattering
amplitude are re-summed to all orders. The formalism is applied to alulate total hadroni ross
setions and elasti sattering slopes. An agreement with earlier results is obtained.
1 Introdution
Despite a signiant progress in the perturbative QCD during last deades one still has to rely
on phenomenologial approahes when alulating total hadron-hadron ross setions, diration
dissoiation probabilities, or when treating partile prodution in general minimum bias hadroni
ollisions. The most powerful one proved to be the Gribov's Reggeon approah [1℄, where high
energy interations are desribed as multiple sattering proesses, elementary re-satterings being
treated phenomenologially as Pomeron exhanges, as shown in Fig. 1.
...
Figure 1: General multi-Pomeron ontribution to hadron-hadron sattering amplitude; elementary
sattering proesses (vertial thik lines) are desribed as Pomeron exhanges.
Usual ansatz for the Pomeron amplitude in impat parameter representation is [2℄
fPad(s, b) =
i γaγd (s/s0)
αP(0)−1
λad(s)
e
− b
2
4λad(s)
(1)
λad(s) = R
2
a +R
2
d + α
′
P
(0) ln(s/s0), (2)
∗
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1
where s and b are .m. energy squared and impat parameter for the interation, s0 ≃ 1 GeV
2
is
the hadroni mass sale, αP(0) and α
′
P
(0) are the interept and the slope of the Pomeron Regge
trajetory, and γa, R
2
a are the oupling and the slope of Pomeron-hadron a vertex.
Considering any number of Pomerons exhanged between hadrons a and d one obtains elasti
sattering amplitude as a sum of ontributions of diagrams of Fig. 1 [2℄:
i fad(s, b) =
1
Ca Cd
∞∑
n=1
[
i Ca Cd f
P
ad(s, b)
]n
n!
=
1
Ca Cd
[
e−χ
P
ad(s,b) − 1
]
(3)
χPad(s, b) =
1
i
Ca Cd f
P
ad(s, b), (4)
where shower enhanement oeient Ca aounts for low mass inelasti intermediate states for
hadron a and χPad is the Pomeron quasi-eikonal.
This allows one to alulate total ross setion σtotad and elasti sattering slope B
el
ad as
σtotad (s) = 2 Im
∫
d2b fad(s, b) =
2
Ca Cd
∫
d2b
[
1− e−χ
P
ad(s,b)
]
(5)
Belad(s) =
d
dt
ln
dσelad(s, t)
dt
∣∣∣∣
t=0
=
1
Ca Cd σtotad (s)
∫
d2b b2
[
1− e−χ
P
ad(s,b)
]
, (6)
where dσelad(s, t)/dt is the dierential elasti ross setion for momentum transfer squared t. Com-
paring to data one obtains typially αP(0) ≃ 1.1, α
′
P
(0) ≃ 0.2 GeV−2 [3℄.
Making use of Abramovskii-Gribov-Kanheli utting rules [4℄ allows one to re-sum ontributions
of various unitarity uts of the elasti sattering diagrams of Fig. 1, orresponding to partiular
inelasti nal states of hadron-hadron interations. This opens the way for developing power-
ful model approahes [3℄ and for onstruting Monte Carlo generators for hadroni and nulear
ollisions [5℄.
Still, the underlying piture for the desribed sheme orresponds to an interation mediated
by a number of independent parton asades. In dense regime, i.e. in the limit of high energies
and small impat parameters, one expets a large number of suh elementary sattering proesses.
Then, the underlying parton asades should largely overlap and interat with eah other, giving
rise to signiant non-linear eets [6℄. The latter are traditionally desribed by enhaned Pomeron
diagrams, whih involve Pomeron-Pomeron interations [7, 8℄. However, onsistent treatment of
enhaned orretions proved to be a very non-trivial problem: as the energy inreases more and
more diagrams of ompliated topologies ome into play.
General approah to the re-summation of higher order enhaned graphs has been proposed in [9℄
assuming π-meson dominane of multi-Pomeron verties. It has been shown that in the limit of very
high energies the full Pomeron sheme is equivalent to the above-desribed quasi-eikonal piture,
however, based on a Pomeron with suitably renormalized interept. An alternative proedure was
suggested in [10℄, where one re-summed dominant enhaned orretions to hadron-nuleus and
nuleus-nuleus sattering amplitudes postulating a negligibly small Pomeron slope and inluding
only triple-Pomeron verties. However, orresponding algorithms an not be applied to treat
general inelasti nal states in hadroni interations.
Present work is devoted to a diret all-order re-summation of enhaned ontributions to hadron-
hadron elasti sattering amplitude. The analysis of orresponding unitarity uts and appliations
of the approah to partile prodution treatment are disussed elsewhere [11℄.
2 The formalism
Comparatively simple generalization of the previous sheme an be obtained using eikonal vertexes
gmn for the transition of m into n Pomerons, gmn = r3P γ
m+n−3
P
/(4πm!n!), with r3P being the
triple-Pomeron oupling. In partiular, assuming pion dominane of multi-Pomeron verties, one
2
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m
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Figure 2: Lowest order enhaned graphs; Pomeron onnetions to the projetile and target hadrons
not shown expliitely.
has gmn =
G
C2pi
(Cπ γπ)
m+n/m!/n! and the vertex slope R2
P
is equal to the one of Pomeron-pion
oupling R2π [8, 9℄. Thus, for a Pomeron exhanged between two verties one uses the quasi-eikonal
for pion-pion sattering χPππ(s0 e
∆y,∆b), as dened by (4), (1-2), where∆y and ∆b are rapidity and
impat parameter distanes between the verties. Correspondingly, a Pomeron exhange between
hadron a and a given vertex is desribed by χPaπ(s0 e
∆y,∆b). This way the ontribution with only
one multi-Pomeron vertex is obtained using standard Reggeon alulus tehniques [1, 2℄: summing
over m ≥ 1 Pomerons exhanged between the vertex and the projetile hadron, n ≥ 1 Pomeron
exhanges between the vertex and the target, subtrating the term with m = n = 1 (Pomeron
self-oupling), and integrating over rapidity y1 < Y = ln
s
s0
and impat parameter
~b1 of the vertex
[9℄, see Fig. 2:
∆χPPPad (s, b) =
G
C2π
∑
m,n≥1;m+n≥3
∫ Y
0
dy1
∫
d2b1
[
−χPaπ(s0 e
Y−y1 , |~b−~b1|)
]m
m!
[
−χPdπ(s0 e
y1 , b1)
]n
n!
=
G
C2π
∫ Y
0
dy1
∫
d2b1
{(
1− e−χ
P
api(s0 e
Y−y1 ,|~b−~b1|)
) (
1− e−χ
P
dpi(s0 e
y1 ,b1)
)
−χPaπ(s0 e
Y−y1 , |~b−~b1|) χ
P
dπ(s0 e
y1 , b1)
}
(7)
At s → ∞ and b, b1 → 0 the integrand in the r.h.s. of (7) is dominated by the last term in
the urly brakets, whih orresponds to the ontribution of the subtrated graph in Fig. 2. Thus,
assuming that the main ontribution to the integral over
~b1 in (7) omes from omparatively small
b1 and negleting the slope of the multi-Pomeron vertex, one obtains asymptotially
∆χ
asymp(1)
ad (s, b) ∼ −4πGγ
2
π ln
s
s0
χPad(s, b) (8)
Under the above assumptions the ontributions of higher order graphs also redue in the dense
limit to subtrated Pomeron self-ouplings, whih leads to [9℄
∆χasympad (s, b) ∼
[
(s/s0)
−4πGγ2pi − 1
]
χPad(s, b) (9)
Thus, asymptotially one reovers the usual quasi-eikonal sheme based on re-normalized quasi-
eikonal χ˜Pad = χ
P
ad +∆χ
asymp
ad , whih is dened by (4), (1-2) with the Pomeron interept α˜P(0) =
αP(0)− 4πGγ
2
π.
Our goal is to re-sum dominant enhaned diagrams to all orders, to obtain a smooth transition
between the dilute (small energies, large impat parameters) and dense regimes. As in [9℄, we
assume pion dominane of multi-Pomeron verties; treating r3P = 4πGCπγ
3
π , γP = Cπγπ, R
2
P
= R2π
3
as free parameters one may reover the general eikonal form for the Pomeron verties gmn in ase
of proton-proton sattering.
We start from realling that one an neglet ontributions of loop graphs, whih ontain
multi-Pomeron verties onneted to eah other by at least two Pomerons, as shown in Fig. 3.
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Figure 3: An example of a loop graph.
Indeed, in the dilute regime suh ontributions are suppressed by powers of small triple Pomeron
oupling G (G2 for the diagram of Fig. 3). On the other hand, in the dense limit, summing
over any number n1 of Pomerons exhanged between the target and the upper vertex in Fig. 3
(similarly for the lower vertex), one obtains an exponential fator whih strongly dumps the overall
ontribution [8, 9℄:
∞∑
n1=0
[
−χPdπ(s0 e
y1 , b1)
]n1
n1!
= e−χ
P
dpi(s0 e
y1 ,b1)
(10)
Let us rst re-sum ontributions of tree-type graphs, shown in Fig. 4a,b. Those ontain one
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Figure 4: Enhaned Pomeron graphs of tree type (a,b) and of net type ().
entral (not neessarily unique, see Fig. 4b) vertex, from whih a number of Pomeron fans
develops towards the projetile and the target.
General fan ontribution an be dened via the reursive equation of Fig. 5:
χfana (y1, b1) = χ
P
aπ(s0 e
y1 , b1) +
G
C2π
∫ y1
0
dy2
∫
d2b2 χ
P
ππ(s0 e
y1−y2 , |~b1 −~b2|)
×
[
1− e−χ
fan
a (y2,b2) − χfana (y2, b2)
]
(11)
Thus, a general representation for tree graphs orresponds to the diagram with one entral
vertex onneted to any number m of projetile fans χfana and to any number n of target ones
χfand ; m,n ≥ 1, m+ n ≥ 3. However, here one should be areful with ounting some ontributions
4
= + Σ ...
m
y ,b y ,b y ,b
y ,b
11 1 1 1 1
22m >=2
Figure 5: Reursive equation for the fan ontribution χfana (y1, b1); y1 and b1 are rapidity and
impat parameter distanes between hadron a and the vertex in the handle of the fan.
twie. For example, omparing the subsamples with m = 2, n = 1 and m = 1, n = 2, we an see
that the graphs of the type of Fig. 4b are present in both ases. Let us onsider the rst ase and
express the lower (target) fan using the relation of Fig. 5, as shown in Fig. 6. A similar proedure
...
...
= +
...
...
n = 1
m >= 2 m >= 2 m >= 2
n >= 2
Figure 6: Tree graphs with only one target fan an be expanded as shown in the Figure.
an be performed in the seond ase (m = 1, n = 2), whih results in the graphs of Fig. 6 being
reversed upside-down, with the seond diagram in the r.h.s. staying unhanged. Thus, orreting
for suh double ounts, the overall tree type ontribution is given by the set of graphs of Fig. 7,
...
... ... ...
...
+ 1/2 + 1/2 + 1/2
...
+ 1/2
n >= 2 n >= 2 n >= 2
m >= 2 m = 1 m >= 2
n = 1
m >= 2
Figure 7: Complete set of tree graphs.
with
χtreead (s, b) =
G
C2π
∫ Y
0
dy1
∫
d2b1
{(
1− e−χ
fan
a − χfana
)(
1− e−χ
fan
d − χfand
)
+
1
2
(χfana + χ
P
aπ)
(
1− e−χ
fan
d − χfand
)
+
1
2
(χfand + χ
P
dπ)
(
1− e−χ
fan
a − χfana
)}
(12)
5
= Σ
...
...
n
m
y ,b
m+n >=2
+
(k)
(k−1)
(k)
m >=1, n >=0
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22
Figure 8: Reursive equation for the net fan χ
net(k)
a|d (y1,
~b1|Y,~b). The vertex (y2, b2) ouples
together m projetile net fans of k-th order and n target net fans of (k − 1)-th order.
Here χPaπ = χ
P
aπ(s0 e
Y−y1 , |~b − ~b1|), χ
fan
a = χ
fan
a (Y − y1, |
~b − ~b1|), χ
P
dπ = χ
P
dπ(s0 e
y1 , b1), χ
fan
d =
χfand (y1, b1).
Let us ome to more general diagrams of the type of Fig. 4, orresponding to arbitrary nets
of Pomerons. It is onvenient to introdue some new building bloks. We dene the net fan of
k-th order via the reursive equation of Fig. 8:
χ
net(k)
a|d (y1,
~b1|Y,~b) = χ
P
aπ(s0 e
y1 , b1) +
G
C2π
∫ y1
0
dy2
∫
d2b2 χ
P
ππ(s0 e
y1−y2 , |~b1 −~b2|)
×
{[
1− e
−χ
net(k)
a|d
(y2,~b2|Y,~b)
]
exp
(
−χ
net(k−1)
d|a (Y − y2,
~b−~b2|Y,~b)
)
− χ
net(k)
a|d (y2,
~b2|Y,~b)
}
(13)
Here we set χ
net(1)
a|d (y1,
~b1|Y,~b) ≡ χ
fan
a (y1, b1), χ
net(0)
a|d (y1,
~b1|Y,~b) ≡ 0. By onstrution, the net fan
of k-th order ontains ontributions with a sequene of up to k Pomerons onneted to eah other
in a zig-zag way, suh that Pomeron end rapidities are arranged as y1 > y2 < y3 > ... < yk.
For example, the part of the graph of Fig. 4, positioned to the left of the vertex (y1, b1), an be
onsidered as belonging to the projetile net fan of 3rd order; the zig-zag is formed by three
Pomerons: those exhanged between the verties (y1, b1) and (y2, b2), (y2, b2) and (y3, b3), and by
the leftmost Pomeron onneted to the projetile. Correspondingly, we dene a zig-zag fan of
k-th order as the dierene between k-th and (k − 1)-th net fans:
χ
zz(k)
a|d (y1,
~b1|Y,~b) ≡ χ
net(k)
a|d (y1,
~b1|Y,~b)− χ
net(k−1)
a|d (y1,
~b1|Y,~b) (14)
Using the representation of Fig. 8 for the net fan ontributions, χ
zz(k)
a|d an be expressed as shown
in Fig. 9. The two graphs in the r.h.s. of the Figure dier by their uppermost verties: in the 1st
...
...
...
...
1
...
...
=
n 1
m 
...
...
...
+
...n 1
...
...
m 1
(k−1)
(k)
(k−1)
(k−1)
(k−2)
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
(k)(k)
m >=1
q >=1
n >=0
m >=0
p >=2
n >=0
Figure 9: Zig-zag fan χ
zz(k)
a|d (y1,
~b1|Y,~b) an be represented as shown in the Figure.
6
graph it ouples together m ≥ 1 projetile net fans of (k−1)-th order, q ≥ 1 target zig-zag fans
of (k − 1)-th order and any number n ≥ 0 of target net fans of (k − 2)-th order; the uppermost
vertex of the 2nd graph is oupled to p ≥ 2 projetile zig-zag fans of k-th order and to any number
m ≥ 0 of projetile and n ≥ 0 of target net fans of (k − 1)-th order. In addition, both graphs
may ontain any number l ≥ 0 of intermediate verties, oupled orrespondingly to mi projetile
and ni target net fans of (k − 1)-th order; mi, ni ≥ 0, mi + ni ≥ 1, i = 1, ..., l.
Now we an re-sum enhaned diagrams whih ontain zig-zag fans of k-th order, starting from
k = 2, using the representation of Fig. 9 to orret for double ounts in the same way as we did
for tree graphs. This results in the set of diagrams of Fig. 10; the orresponding ontribution to
...
...
...
...
+
...
...
+ 1/2
...
...
...
...
...
+ 1/2
...
...
+
(k−
1)
(k)
(k) (k)
(k−1)
m >=0
n >=0
q =1
p >=2 (k)
(k−1)
(k−2)
(k−1)
j >=1
n >=1
p =1
m >=0
n >=0
m >=0
p >=2
q >=2
(k) (k)
(k−1)
(k
−1
)
(k)(k)
m >=0
n >=1
p >=2(k) (k)
(k−1)
(k−1)
Figure 10: Complete set of enhaned diagrams ontaining "zig-zag fans" of k-th order.
quasi-eikonal is
χ
enh(k)
ad (s, b) =
G
C2π
∫ Y
0
dy1
∫
d2b1
{(
1− e
−χ
zz(k)
a|d − χ
zz(k)
a|d
)
e
−χ
net(k−1)
a|d
×
(
1− e
−χ
zz(k)
d|a − χ
zz(k)
d|a
)
e
−χ
net(k−1)
d|a
+
[(
1− e−χ
zz(k)
a|d − χ
zz(k)
a|d
)
e−χ
net(k−1)
a|d
(
1− e−χ
net(k−1)
d|a +
1
2
χ
zz(k)
d|a e
−χ
net(k−1)
d|a
)
+
1
2
χ
zz(k)
a|d
(
e
−χ
zz(k−1)
a|d − 1
)
e
−χ
net(k−2)
a|d
(
1− e
−χ
net(k−1)
d|a
)]
+ [a↔ d]
}
(15)
Here χ
X(k)
a|d = χ
X(k)
a|d (Y − y1,
~b−~b1|Y,~b), χ
X(k)
d|a = χ
X(k)
d|a (y1,
~b1|Y,~b), X = ”zz”, ”net”.
Finally, ombining together the ontributions χtreead (s, b) and χ
enh(k)
ad (s, b) for any k ≥ 2 and
using (13-14), we an obtain for the full set of non-loop enhaned diagrams the representation of
Fig. 11, with the eikonal ontribution
...
...
net
net
1nΣ
m >=1, n >=01 1
m +n >=21 1
m +n >=2
2
2 2
2m >=0, n >=1
... m2
...
m1
n 2
net
...
...
n1
m 1net
net
Σ
1
1 1
1m >=1, n >=1
m +n >=3
−y ,b1 1
y ,b11
y ,b
2 2
net
Figure 11: Full set of non-loop diagrams.
7
χenhad (s, b) = χ
tree
ad (s, b) +
∞∑
k=2
χ
enh(k)
ad (s, b) =
G
C2π
∫ Y
0
dy1
∫
d2b1
{[(
1− e−χ
net
a|d(1)
)
×
(
1− e−χ
net
d|a(1)
)
− χneta|d(1) χ
net
d|a(1)
]
−
G
C2π
∫ y1
0
dy2
∫
d2b2 χ
P
ππ(s0 e
y1−y2 , |~b1 −~b2|)
×
[(
1− e−χ
net
a|d(1)
)
e−χ
net
d|a(1) − χneta|d(1)
] [(
1− e−χ
net
d|a(2)
)
e−χ
net
a|d(2) − χnetd|a(2)
]}
(16)
Here we used the abbreviations χneta|d(i) = χ
net
a|d(Y −yi,
~b−~bi|Y,~b), χ
net
d|a(i) = χ
net
d|a(yi,
~bi|Y,~b), i = 1, 2,
and introdued general net fan ontribution as χneta|d = limk→∞ χ
net(k)
a|d . Using (13), we obtain for
the latter the reursive equation
χneta|d(y1,
~b1|Y,~b) = χ
P
aπ(s0 e
y1 , b1) +
G
C2π
∫ y1
0
dy2
∫
d2b2 χ
P
ππ(s0 e
y1−y2 , |~b1 −~b2|)
{[
1− e−χ
net
a|d(y2,
~b2|Y,~b)
]
exp
(
−χnetd|a(Y − y2,
~b−~b2|Y,~b)
)
− χneta|d
(
y2,~b2|Y,~b
)}
(17)
3 Numerial results
The obtained expressions allowed us to alulate hadroni elasti sattering amplitudes and orre-
spondingly total ross setions and elasti sattering slopes with enhaned ontributions taken into
aount. Here fad, σ
tot
ad , B
el
ad are given by usual expressions (3-6), with the Pomeron quasi-eikonal
χPad being replaed by χ
tot
ad = χ
P
ad + χ
enh
ad . Tehnially, the net fan ontribution χ
net
a|d has been
obtained solving (17) iteratively and substituted to (16) to alulate enhaned diagram ontribu-
tion χenhad . Conerning the parameter hoie we used the usual values C
2
p = 1.5, Cπ = 1.6/Cp,
γπ = 2/3γp [3℄, and from omparison to data obtained αP(0) = 1.18, α
′
P
(0) = 0.195 GeV−2,
γp = 1.59 GeV
−1
, R2p = 1.8 GeV
−2
, R2π = 0.7 GeV
−2
, G3P = 9 · 10
−3
GeV
2
. Thus, for the
triple-Pomeron oupling we have r3P = 4πGCπγ
3
π = 0.18 GeV
−1
ompared to 0.12 GeV
−1
and
0.083 GeV
−1
in [9℄ and [10℄ orrespondingly. The results for σtotpp , σ
tot
πp , B
el
pp are shown in Fig. 12
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Figure 12: Total ross setion (left) and elasti sattering slope (right) as alulated with and
without enhaned ontributions - solid and dashed lines orrespondingly. The ompilation of data
is from [12℄.
as alulated with the full sheme or based on the bare Pomeron eikonal χPad. In pratie, it is
suient to take into onsideration only the "tree" χtreead and the rst "zig-zag" χ
enh(2)
ad orretions,
i.e. to use for the enhaned ontribution χ˜enhad = χ
tree
ad + χ
enh(2)
ad instead of χ
enh
ad dened in (16); the
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dierene for the alulated ross setions is below perent level. This is beause the ontributions
χ
enh(k)
ad for k ≥ 3 are suppressed by exponential fators in the same way as for "loop" diagrams in
(10).
Let us nally verify that the developed sheme approahes the asymptoti result (9) in the
"dense" limit. Indeed, negleting the radius of multi-Pomeron verties, at s → ∞, b → 0 and
for αP(0) − 4πGγ
2
π > 1 we an obtain the solution of (17) as χ
net
a|d(y1,
~b1|Y,~b) ≃ χ
P
aπ(s0 e
y1 , b1) +
∆χasympaπ (s0 e
y1 , b1), ∆χ
asymp
aπ being dened in (9). Substituting this to (16), we see that the
enhaned ontribution χenhad redues to the asymptoti form (9): χ
enh
ad (s, b) ≃ ∆χ
asymp
ad (s, b).
In onlusion, we re-summed dominant enhaned ontributions to elasti hadron-hadron sat-
tering amplitude to all orders. Although the numerial alulations have been performed using the
simple Pomeron exhange amplitude (1-2), the obtained formulas an be used for a dierent fun-
tional form of fPad(s, b). In priniple, one may apply similar tehniques in the perturbative QCD,
using the BFKL Pomeron amplitude [13℄, provided eikonal approximation remains appliable for
multi-Pomeron verties.
The author is indebted to R. Engel and A. B. Kaidalov for valuable disussions.
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